The linear stability of two travelling waves describing phase changes in superconducting materials is examined. The first describes the change of phase between normally conducting and superconducting states in a type I superconductor, while the second describes the transition from the superconducting state to the mixed state in a type II superconductor.
Introduction
This paper is concerned with the stability of various phase changes in superconducting materials.
The response of a superconducting material to an applied magnetic field is conveniently described by Fig. 1 , which shows the preferred state of the superconductor as a function of H o , the applied magnetic field, and K, a material parameter (known as the Ginzburg-Landau parameter) which determines the type of superconducting material: K < 1//2 describes what is known as a type I superconductor, K > 1//2 describes what is known as a type II superconductor.
For type I superconductors there is a critical magnetic field H c (known as the thermodynamic critical field) below which the material will be in the superconducting state, but above which it will revert to the normally conducting (normal) state. The transition between normal and superconducting states as the applied magnetic field is raised or lowered through H c takes place by means of phase boundaries separating normal regions from superconducting regions sweeping through the material. In [3] and [7] the following free-boundary problem for this change of phase was derived:
at
curl//A/i= -vji onf,
where H is the magnetic field, i^ is the normal region, fl, is the superconducting region, F is the free boundary separating these two regions (approached from the normal region), n is the unit normal to F (directed towards the superconducting region), and u n is the normal velocity of F. Experimental evidence [9, 10] seems to indicate that the switch-off of a superconducting wire (i.e. the transition from superconducting to normal) is a stable process, while the switch-on (i.e. the transition from normal to superconducting) is unstable, with the appearance of fingers of superconducting material. Locally a smooth interface between normal and superconducting regions will be planar, so we hope to gain insight into the stability of an arbitrary interface by considering the stability of a planar one.
A solution of (1-4) representing a plane wave travelling with constant velocity is given by
where the free boundary is given by x = ct, the normal region by x < ct, and the superconducting region by x > ct. In the next section we consider the linear stability of this solution.
For type II superconductors a third state exists, which is known as the mixed state. The mixed state, as its name suggests, is neither wholly superconducting nor wholly normal, but consists of many normal filaments embedded in a superconducting matrix. Each of these filaments carries with it a quantized amount of magnetic flux, and is circled by a vortex of superconducting current (thus these filaments are often known as vortices).
The transition from the normal state to the mixed state takes place via a bifurcation as the magnetic field is lowered through some critical value H& (known as the upper critical field), and is described in [1, 2, 4, 11, 12, 14] . This bifurcation is subcritical for type I superconductors, but supercritical for type II superconductors; hence the observation of the mixed state only for type II superconductors.
The magnetic field at which the superconducting state begins its transition to the mixed state has been studied in [5] . In [6, 8] 
[H] = 0,
Here Qn is the mixed region, i.e. the region occupied by the vortices, and, as before, /2, is the superconducting region, F is the free boundary separating these two regions, n is the unit normal to F (directed toward the superconducting region), u n is the normal velocity of F and [ ] stands for the jump in the enclosed quantity across F\ H is the (now scalar) magnetic field, and w is the vorticity.
Recent experiments [16] indicate that, in the presence of strong vortex pinning, when a wave of positive vorticity sweeps though a sample originally full of negative vorticity, the interface between the two regions is unstable and prone to fingering. With weaker pinning (obtained by increasing the temperature), the fingering seems to cease. The model above describes the limit of no vortex pinning. Questions of interest are whether vortex fronts are stable in the absence of pinning, whether the instability depends on the sample previously having been full of vortices of the opposite sign, and whether the fingering is due to inhomogeneities in the underlying pinning forces, or is in fact due to a morphological instability of the interface. Here we will attempt to answer the first of these questions, by considering the stability of an interface between superconducting and vortex states in the clean (i.e. no pinning) limit. (We note that the model (6-12) can be modified to incorporate the effects of vortex pinning, and we hope to investigate questions of stability in this case in a later paper.)
Again, locally a smooth interface will be planar, so that we can gain insight into the stability of an arbitrary interface by considering the stability of a planar one. A solution of (6-12) representing a plane wave travelling with constant velocity is given by fc-c(*-*) ifx<ct,
where the free boundary is given by x = cr, the vortex region is x < ct, and the superconducting region is x > ct. Note that in this case c is required to be positive in order to satisfy equation (12) , so that (13, 14) can only describe the transition from the superconducting to the mixed state and not vice versa.
Linear stability

Type I superconductors
We perform a linear stability analysis of the solution (5) by considering perturbations to the boundary, which is given by J: =s, of the form
where 0 < e «1, and m and n are real and positive for definiteness. The analysis is similar to that performed on the Stefan model in [13, 15] . Indeed, when m = 0, the two problems are identical since (1-4) reduces to a one-phase Stefan model in the cylindrical case in which H = (0, H{x, z, t), 0). We will see that the vectorial nature of the present problem leads to a decrease in instability for m?*0, that is, the growth rate of unstable modes decreases with increasing m. We expand the solution for H in powers of e:
where H^} is the unperturbed solution given by (5) . Substituting the expansion (16) into equation (1) The boundary conditions (29,30) imply
We consider separately the cases c > 0 and c < 0.
(1) c> 0. If we require that H$> should be small compared to H\ 0) = H^'^"-â s x -ct -* -oo, then we have either Re {A 2 } > -c or S = 0. In the first case the solution would grow exponentially as x -ct -»-oo, but would still be small compared to the leading-order solution. In particular, if we were treating the problem as an initial value problem such a solution would correspond to an initial perturbation which grows exponentially at infinity, while the eigenmodal case 5 = 0 corresponds to an initial perturbation which decays at infinity. Of course, a general initial perturbation will be a sum involving both types.
If 
However, since we had to square our equation to obtain this answer, we need to substitute (34) into (33) and check for consistency. We find that is, c ± In < 0. Since c > 0 we must have a = -m 2 -nc and 2n>c.
Since c is positive, we see that a is negative and the solution is linearly stable. Hence, for n/m 2 > -c there will be a solution with a>0 indicating an instability of the boundary.
We note the very different responses to perturbations in the y and z directions. We see that for a perturbation in the y-direction only (n = 0) the boundary is always stable. However, for a perturbation in the z-direction only (m =0) the boundary is stable if and only if c > 0, i.e. the normal region is advancing. Furthermore, when both perturbations are present, the perturbation in the y-direction serves to increase the stability of the perturbation in the z-direction when c>0, and decrease the instability of the perturbation in the z -direction when c < 0.
In (1) we found that no mode solutions decaying at infinity were possible when 2n<c (and yet such a perturbation may be applied to the system and it will evolve in time). A complete linear treatment for a given perturbation can be obtained by taking the Laplace transform in time, i.e. treating the problem as an initial value problem. If this approach is carried out, we find that the free boundary is of the form cos my oos nz f &e?' dp,
where the integrand & has poles at the roots of the dispersion relation (33). There is also a branch cut in the p plane from -\c 2 -n 2 -m 2 to -«. When 2n <c, the sole contribution to the integrand comes from this branch cut. Since Re {p} > 0 there, this contribution decays with time.
Following the same reasoning as for the Stefan problem, the instability of perturbations in the z-direction in the case c >0 can be explained physically by considering the effects of a small 'bump' on the boundary in the two-dimensional case when H = (0, H(x, z, t), 0). When the normal region is expanding, such a bump will serve to lower locally the gradient of the magnetic field and hence reduce the velocity of the boundary in the vicinity of the bump, leading to stability. However, when the normal region is contracting, such a bump will increase locally the gradient of the magnetic field and hence increase the velocity of the boundary, leading to instability.
In contrast to perturbations in the z-direction, perturbations in the y-direction require the bending of lines of magnetic field, since the magnetic field must always be parallel to the interface. Such bending raises the energy associated with the magnetic field, and it is this which causes perturbations in the y-direction to decay.
Finally, we consider which modes, i.e. which values of a, will actually be observed in practice. In the case c < 0 the most unstable mode corresponds to (m, n) = (0, °=). Thus the modes observed will correspond to two-dimensional fingers (uniform in the y-direction). In the present model the wavelength of the fingering would be zero. Adding a term proportional to curvature to equation (3), corresponding to the surface energy associated with a normal/superconducting domain boundary (see [3] ), would presumably stabilize the very short wavelengths, and hence select the wavelength of the fingering.
In the stable case c > 0 the modes which have the smallest decay rate are those corresponding to small values of m and n. Hence long-wavelength perturbations will persist for a greater time than short-wavelength perturbations.
Type II superconductors
We perform a similar analysis of the solution (13, 14) by considering perturbations to the boundary of the form s = ct + ee" 1 cos ky.
We expand the corresponding solution (a>, H) in powers of c:
where (<u o > #o) is the unperturbed solution given by (13, 14) . Substituting these expansions into (6-9) and equating coefficients of e yields
of //,-V 2 //,^, forx<s,
As before, we will shortly change to coordinates moving with the free boundary, but we first calculate the boundary conditions on (40-42).
We have 
#, = e"'co5tyi;(T}),
where TJ = x -ct. Then
H2>0,
where primes denote d/dij. The solution of equation (51) which decays at infinity is
Since u'(0+) = -a-c we have that a = (a + c)/(l + k 2 )^. Eliminating u we therefore have
v'->0 asrj-»-oc.
We prove that er«£0. Suppose not; then u(0)>0 and v'(0)<0» wnil e (56) and (59) imply that v-•0asT/->-°°. Since (56) implies that v cannot have a positive maximum, v cannot satisfy this boundary condition at -», and we have a contradiction. Thus the interface is linearly stable.
The transformation v = e~^/(f), with f = 2k(crj -c -a), converts (56) into Kummer's equation, from which we can obtain a (rather ungainly) dispersion relation in terms of Whittaker functions. This dispersion relation is shown in 
c)k
2, which is a graph of ale against k 2 . We see that for k 2 gTeater than about 2, a is roughly constant. In fact a asymptotes to -\c as &-»<*, as we now show.
For large k, we rescale by setting Z -kt) and g{£) -kv (-q) , to obtain (60)
The leading-order behaviour as & -»°° is given by go = go, go(O) = cr 0 + c, asf-»-oo.
Hence g = (cr 0 + c)e e and tr 0 = -\c.
Conclusions
We have examined the linear stability of planar travelling waves in two models for phase changes in superconducting materials.
Trie first was a model for type I superconductors, with the change of phase being between normal and superconducting states. We found that a plane wave was stable if the normal region was expanding, but unstable if the superconducting region was expanding.
The second model described the change of phase from the superconducting state to the mixed state in a type II superconductor. Here we found that a plane wave was stable to small perturbations.
Both these results agree qualitatively with experimental observations [9, 10, 16] . In a future paper we hope to extend the analysis of the mixed state/superconducting state transition to include the effects of vortex pinning. In this case experimental observations indicate that the interface is prone to fingering [16] , but it is unclear whether this is caused by a morphological instability or by inhomogeneity in the underlying distribution of pinning sites.
